An n-fullerene is an n-dimensional cell complex where the stars of the points are (n − 1)-dimensional simplices and the 2-cells are pentagons or hexagons. We say that an n-fullerene is uniform if the number of hexagonal faces containing a given vertex p (and, when n ¿ 3, contained in a given 3-face X on p) does not depend on the choice of p (and X ). For instance, the dodecahedron, the truncated icosahedron (also called the football) and the tesselation of the euclidean plane in regular hexagons are uniform fullerenes. In this paper, we exploit notions and results of diagram geometry to classify ÿnite uniform fullerenes. In particular, we prove that there is no four-dimensional analogue of the football. More precisely, we prove that there is just one simply connected 4-fullerene where the cells are truncated icosahedra, but it is obtained as a Grassmann geometry of a non-spherical (whence, inÿnite) Coxeter complex. Being inÿnite, that fullerene is not a polytope.
Introduction
Diagram geometry is usually viewed as a tool to study geometric properties of ÿnite groups, but diagram geometry is more than that: it can help to investigate a number of problems in geometry and combinatorics, even where groups have little to do. I will give an example of that kind in this paper.
Some time ago, Pasechnik and Deza asked me about the existence of any fourdimensional analogue of the soccer ball. As a polytope, the soccer ball is a truncated icosahedron. By exploiting a well-known construction in diagram geometry and some known results on thin geometries of Coxeter type, I will prove that the answer to the above question is negative.
The question about the existence of four-dimensional footballs arose in the investigation of 4-fullerenes by Deza and Shtogrin [3] . Some results on fullerenes will also be obtained in this paper by exploiting the above non-existence result or some of the ideas used in its proof. It will be clear that similar ideas can also be applied to more classes of cell complexes, but I will say nothing on those generalizations in this paper.
Deÿnitions and main results

On footballs
Henceforth we denote by 0 the regular icosahedron, embedded in R 3 as usual. For every edge e of 0 , e = [v 1 ; v 2 ] = {t 1 v 1 + t 2 v 2 | t 1 + t 2 = 1 and t 1 ; t 2 ¿0}; (Note that an orientation of e is implicit in this deÿnition, but it has no role in the sequel: a permutation of p 1 (e) and p 2 (e) is the only e ect of changing the orientation of e.) Let 0 be the convex closure of the following set of points:
({p 1 (e); p 2 (e)} | e an edge of 0 ):
Then 0 is a three-dimensional polytope, with the following properties:
(1.1) 0 has 32 faces; 20 of them are hexagons, the others are pentagons. (1.2) Every vertex of 0 belongs to precisely two hexagons and one pentagon.
Consequently, no two pentagons of 0 are adjacent, whereas every hexagon is adjacent to precisely three pentagons and three hexagons. Furthermore, 0 has 90 edges; 60 of them belong to one pentagon and one hexagon whereas each of the remaining 30 edges belongs to two hexagons.
The polytope 0 (or any polytope homeomorphic to it) is called a (three-dimensional) football.
We recall the four-dimensional hypercube (resp. the four-dimensional analogue of the dodecahedron) is a tiling of the sphere of R 4 where the tiles are cubes (dodecahedra) and the stars of the vertices are isomorphic to tetrahedra.
By analogy, we deÿne a four-dimensional football as a tiling of a 3-manifold S of R 4 with the following properties:
(2.1) the tiles of (3-cells, also cells for short) are three-dimensional footballs; (2.2) every vertex v of belongs to four edges, three faces and four cells of , which form (a structure combinatorially isomorphic to) a tetrahedron; (2.3) S is homeomorphic to the sphere of R 4 (whence is ÿnite and simply connected).
The following is the main result of this paper:
More explicitly, we prove the following, from which the above theorem is easily obtained: Theorem 2. There is only one simply connected cell complex with 3-cells and stars of vertices as in (2:1) and (2:2). It is inÿnite and arises as a Grassmann geometry from the Coxeter complex belonging to the following Coxeter diagram:
(See Section 3 of this paper for Grassmann geometries and Coxeter complexes.) We will prove Theorem 2 in Section 4.
According to Theorem 2, the two conditions involved in (2:3), namely ÿniteness and simple connectedness, are mutually contradictory when (2:1) and (2:2) are assumed. Theorem 1 easily follows from this remark.
Remark. Actually, for to be a polytope, we should also require S to be convex. However, as (2:3) contradicts (2:1) and (2:2), it makes no sense to ask for more conditions. Furthermore, the point of view we choose in this paper is purely combinatorial. Accordingly, properties like convexity do not play any role in the sequel.
On fullerenes
An n-fullerene (n¿3) is a (possibly inÿnite) (n−1)-dimensional cell complex where the 2-faces are pentagons or hexagons and the stars of the vertices are isomorphic to the system of vertices, edges, etc., (n − 2)-faces of an (n − 1)-dimensional simplex ( [3] ; see also [2, 4] , where 3-fullerenes are studied in view of their relevance for chemistry).
More deÿnitions. We say that a 3-fullerene is uniform of index h if every vertex of is incident to h hexagonal faces. When n ¿ 3, we say that an n-fullerene is uniform of index h if all 3-cells of are uniform of index h. Every n-fullerene can be viewed as a tessellation of an (n − 1)-dimensional manifold S( ), uniquely determined by up to homeomorphism. Clearly, is ÿnite if and only if S( ) is compact. If S( ) is the sphere of R n , then we say that is spherical. Needless to say, if is spherical then it is ÿnite and simply connected. We also speak of homomorphic images in the sequel. By the expression 'homomorphic image' we mean what in diagram geometry is called a 2-quotient (Section 3.2). However, not to force the reader to go to Section 3 right now, we deÿne homomorphic images of fullerenes here. Given two n-fullerens˜ and , suppose there is an incidenceand dimension-preserving mapping ' :˜ → such that, for every 2-cell X (vertex p) of˜ , ' induces an isomorphism from X to '(X ) (from the star of p in˜ to the star of '(p) in ). Then ' is called a 2-covering from˜ to and we say that is a homomorphic image of˜ .
Note that 2-coverings of 3-fullerenes are coverings in the usual topological sense.
Examples. The three-dimensional football is a spherical uniform 3-fullerene with h=2, realizable as a tiling of the sphere S of R 3 in regular hexagons and pentagons. The projection of S onto the real projective plane P, which sends antipodal points of S to the same point of P, induces a covering from the football to a tiling of P. That tiling is also a uniform 3-fullerene with h = 2. The cell complex of Theorem 2 is an (inÿnite, whence non-spherical) uniform 4-fullerene with h = 2.
If is an n-fullerene with h = 0 (all faces are pentagons) or h = 3 (all faces are hexagons) then, according to [6, Theorem 13:24] , is a (possibly improper) homomorphic image of the Coxeter complex˜ belonging to one of the following two Coxeter diagrams, which we shall call (5) n and (6) n :
(Note that (5) 3 and (5) 4 are the Coxeter diagrams usually called H 3 and H 4 .) Clearly, belongs to (5) n when h = 0 and to (6) n when h = 3. We recall that the diagram (6) n is non-spherical for any n¿3 and (5) n is nonspherical for n ¿ 4. Thus, according to [10] (see also [6, Chapter 11] ), the complex˜ is inÿnite except when it is of type (5) 3 or (5) 4 . In the latter two cases,˜ is spherical [10] . By [6, Theorem 12 :64], a uniform fullerene with h = 0 or 3 is simply connected if and only if it is a Coxeter complex. Therefore, the Coxeter complexes of type (5) 3 and (5) 4 are the unique spherical uniform fullerenes with h as above.
The Coxeter complex of type (5) 3 (=H 3 ) is the dodecahedron, which can be viewed as a tiling of the sphere S of R 3 . It is well known that the projection of S onto the real projective plane P induces a covering from the dodecahedron to a tiling of P, which is also a uniform (but non-spherical) 3-fullerene with h = 0.
The Coxeter complex of type (5) 4 (=H 4 ) is the well-known regular 120-cell {5; 3; 3; 3}. The Coxeter complex of type (6) 3 is the tiling of the euclidean plane in regular hexagons and all uniform 3-fullerenes with h = 3 are homomorphic images of that tiling. If they are ÿnite, they can be realized as tilings of a torus or a Klein bottle.
Inÿnitely many non-uniform spherical 3-and 4-fullerenes exist. Some of them are described by Deza and Shtogrin [3] . An inÿnite family of simply connected (but inÿnite) 5-fullerenes and some inÿnite families of ÿnite (but not simply connected) 5-fullerenes are construced by Deza and Shtogrin [3] . More examples will be described at the end of the next section (Section 3.5).
The following is a special case of a result of Kalai [5] .
Proposition 3. No spherical 5-fullerene exists.
The next two theorems will be proved in Section 5. Furthermore; in cases (iv) and (vi) the 3-faces of are dodecahedra. In case (v); the 3-faces of are three-dimensional footballs.
Corollary 6. The dodecahedron; the three-dimensional football and the Coxeter complex of type (5) 4 are the unique uniform spherical fullerenes.
(Easy, by Theorem 5.)
Organization of the paper
In Section 3 we recall a few notions of diagram geometry and we translate the previous deÿnitions into the language of diagram geometry.
Sections 4 is devoted to the proof of Theorem 2. Theorems 4 and 5 are proved in Section 5.
Diagram geometries and fullerenes
We refer to [6] for the notions of diagram geometry used in this paper. We recall that, according to [6] , all geometries are residually connected and ÿrm, by deÿnition.
We follow the notation of [6] except for residues: given a geometry and a ag F of , we denote the residue of F in by Res (F) instead of F (also by Res(F), for short, if no ambiguity arises).
The proof of Theorem 2 exploits Grassmann geometries [6, Chapter 5] . (Many authors call them shadow geometries; Scharlau [8] does so, for instance.) We recall the deÿnition of Grassmann geometries here, for the commodity of the reader.
Grassmann geometries
We ÿrst state some terminology on graphs. Given a non-empty set I and a connected graph D with I as the set of vertices, let J be a non-empty subset of I . Given two subsets T 1 and T 2 of I , we say that T 1 separates T 2 from J in D if every path of D from a vertex of J to a vertex of T 2 crosses T 1 somewhere. A non-empty subset T of I is said to be J -reduced in D if no proper subset of T separates T from J . Given a subset T of I , let D\T be the graph induced by D on I \T . We denote by Int J (T ) the union of the connected components of D\T that meet J non-trivially. It is easy to see that T 1 separates T 2 from J if and only if Int J (T 1 ) ⊆ Int J (T 2 ).
Given a geometry of rank n over the set of types I , let D be its diagram graph [6, Chapter 4] and suppose that D is connected. (I recall that diagram graphs are called basic diagrams in Buekenhout [1] .) Given a non-empty subset J of I , the Grassmann geometry of with respect to J (also, J -Grassmann geometry of , for short) is the geometry Gr J ( ) with set of types {0; 1; : : : ; n − 1}, deÿned as follows:
(i) For every i = 0; 1; : : : ; n − 1, the elements of Gr J ( ) of type i are the non-empty ags F of such that the type t(F) of F is J -reduced in D and |Int J (t(F))| = i. (ii) Two elements F and G of Gr J ( ) with |Int J (t(F))|6|Int J (t(G))| are declared to be incident in Gr J ( ) when they are incident as ags of and t(F) separates
As proved in [6, Chapter 5] , the structure Gr J ( ) is indeed a geometry and its basic diagram is a string.
Example. Let D be a string of length 3, with the integers 0, 1 and 2 as types, and let J = {0; 1}:
Then the 0-elements of Gr J ( ) are the ags of of type {0; 1}. The 1-elements are the ags of type {0; 2} and the elements of of type 1. The 2-elements of Gr J ( ) are the elements of of types 0 and 2. The incidence relation is inherited from , except that a 1-element x of and a 0-element y of are never incident in Gr J ( ).
More terminology
Thinness. All geometries considered in this paper are thin, that is: every ag of corank 1 is contained in precisely two chambers. In other words, all residues of rank 2 are ordinary polygons (including ordinary digons among them).
Covers, quotients and simple connectedness. Following [6] , given two geometries An m-covering ' :˜ → is said to be universal if, for any m-covering : → , there is an m-covering Â :˜ → such that ' = Â. If an universal m-covering ' :˜ → exists, then˜ is called the universal m-cover of . If a geometry of rank n is its own universal m-cover, then is said to be m-simply connected.
Universal m-covers of geometries are discussed in [6, Chapter 12] . We only recall that, if a geometry can be viewed as a cell complex, then the universal (n − 1)-cover of is the universal cover of as a cell complex (see [6, Section 12:6] ).
When n = m − 1, it is customary to omit the preÿx (n − 1) from the expressions (n − 1)-covering, (n − 1)-cover, etc. We will also follow this habit. Thus, in the sequel, the expressions covering, cover, quotient, simply connected must be read as
We will also freely use the expression homomorphic image for '2-quotient', as we have already done in Section 2.2.
Coxeter complexes. Coxeter complexes can be deÿned in a number of equivalent ways. We choose the following deÿnition here: A Coxeter complex is a 2-simply connected thin geometry belonging to a Coxeter diagram. (In view of [6, Theorem 13:24], this deÿnition is equivalent to better-known deÿnitions, as that of Tits [10] .)
We recall that the ÿnite Coxeter complexes are said to be spherical (in view of the fact that their chamber systems can be realized as tilings of a sphere of R n by (n − 1)-dimensional simplices). Furthermore, the intersection property (IP) (see [6, Chapter 6] ) holds in every Coxeter complex [10, Chapter 12] . Thus, if the diagram of a Coxeter complex is a string, then can be viewed as a cell complex where, modulo the choice of an orientation of the diagram (from left to right, for instance), vertices (resp. edges, 2-faces, etc.) are the elements corresponding to the ÿrst (second, third, etc.) node of the diagram.
For instance, the Coxeter complex of type A n is the n-dimensional simplex. The Coxeter complex of type C n is the n-dimensional hypercube (dually, the n-dimensional octohedron).
Footballs as diagram geometries
Let 0 and 0 be the icosahedron and the three-dimensional football, as in Section 2. Viewed as a diagram geometry, 0 is the Coxeter complex of type H 3 . That is, 0 is the unique simply connected thin geometry belonging to the following Coxeter diagram of rank 3, where the integers 0, 1, 2 are the types: Clearly, 0 is a thin geometry belonging to the following diagram, which we call (5&6) 3 , where the label 5&6 above the left-hand stroke means that both pentagons and hexagons occur as residues of type {0; 1}: 
Fullerenes as diagram geometries
Fullerenes. Regarded as a diagram geometry, an n-fullerene is a thin geometry belonging to the following diagram of rank n and satisfying the IP:
In view of [6, Lemma 7:25] , assuming the IP in amounts to assume the following:
(5.1) For i = 1; 2; : : : ; n − 1, no two distinct i-elements of are incident with the same pair of (i + 1)-elements.
(Compare (3) and (4:2).) By exploiting the fact that the residues of the vertices of are (n − 1)-dimensional simplices, it is not di cult to prove that (5.1) is equivalent to the following: (5.2) Any two distinct elements of are incident with distinct sets of maximal cells.
Some non-uniform fullerenes
Given a 3-fullerene with v vertices, f 5 pentagonal faces and f 6 hexagonal faces, the {1; 2}-Grassmann geometry of , say G( ), is a 3-fullerene with 5f 5 +6f 6 vertices, f 5 pentagonal faces and f 6 + v hexagonal faces. (For instance, the football is the {1; 2}-Grassmann geometry of the dodecahedron.) Furthermore, if is spherical, then G( ) is also spherical. Thus, given any (spherical) 3-fullerene , an inÿnite series
; G( ); G(G( )); G(G(G( ))); : : :
of (spherical) 3-fullerenes is obtained, with the same number of pentagonal faces as but increasingly many hexagonal faces. Clearly, at most the ÿrst two terms of that series are uniform.
So far for the rank 3 case. Turning to higher rank examples, let˜ be the (inÿnite) Coxeter complex belonging to the following diagram of rank n ¿ 3:
•---•---•---•-· · · -• ---•
Let be a homomorphic 2-image of˜ and = Gr J ( ), with J = {0; 1}. Then is a thin geometry belonging to the diagram (5&6) n . If furthermore satisÿes the IP, then is an n-fullerene. In particular, as Coxeter complexes satisfy the IP and that property is preserved under taking Grassmann geometries, if =˜ , then is a (simply connected, but inÿnite) n-fullerene. If is ÿnite, then is ÿnite (but it is not simply connected).
Proof of Theorem 2
Henceforth is a thin geometry belonging to the diagram (5&6) 4 of Section 3.3 and satisfying conditions (4:1)-(4:3) of that subsection, but possibly not (4:4).
The three-dimensional football, being a tiling of the sphere, is simply connected as a cell complex. In view of [6, Theorem 12:64] , it is simply connected as a geometry, too. Thus, all residues of of rank 3 are simply connected. Consequently, in view of (4:3), Lemma 7. The geometry is 2-simply connected.
Henceforth, the faces and the cells (the vertices and the edges) incident to a given edge (face) will be said to form the upper (lower) residue of that edge (face). We will call a face a hexagon or a pentagon according to whether its lower residue is a hexagon or a pentagon.
Lemma 8. Every edge is incident to two hexagons and one pentagon.
Proof. Assume that an edge e is incident to two pentagons X and Y . As the upper residue of e is a triangle, X and Y are faces of the same cell. However, no two pentagonal faces of a football share an edge; contradiction.
Therefore, every edge is incident to at most one pentagon. Suppose there is an edge e incident to no pentagon. Then the three faces on e, say X 1 ; X 2 and X 3 , are hexagons. Let p be a vertex of e. For {i; j; k} = {1; 2; 3}, let A i be the cell incident to X j and X k and let e i be the edge of X i through p di erent from e. In the cell A i , we see that the edges e j and e k belong to the same pentagon, say Y i . Thus, Y 1 ; Y 2 and Y 3 are pentagons pairwise meeting in an edge, contrary to the fact that every edge belongs to at most one pentagon. Consequently, every edge belongs to precisely one pentagon.
Lemma 9. Every vertex p belongs to just four hexagons and two pentagons; the latter forming an antipodal pair of edges of the tetrahedron Res(p).
Proof. Res(p) contains four edges and, according to Lemma 8, every edge is in two hexagons and one pentagons. The conclusion easily follows from this. Proof. On the one hand, for every point p, the graph induced by 3; 6 on Res(p) is connected, by Lemma 9. On the other hand, by the residual connectedness of , the vertex-cell system of , with the incidence relation inherited from , is a connected geometry. Hence 3; 6 is connected.
Two paths and ÿ of 3 are said to be elementarily homotopic if = 0 and ÿ = ÿ 0 for suitable paths ; ; 0 and ÿ 0 , with 0 and ÿ 0 taken inside the residue of the same vertex of . Two paths and ÿ of 3 are said to be homotopic if there is a ÿnite sequence 0 ; 1 ; : : : ; k of paths with = 0 ; ÿ = k and i−1 elementarily homotopic to i for i = 1; 2; : : : ; k.
Given a path of 3 with no repeated edges, we denote by ( ) the number of edges of that are hexagons of . (This deÿnition is consistent, thanks to the fact that the graph 3 has no multiple edge.) Lemma 11. We have ( ) ≡ (ÿ) (mod 2) for any two homotopic paths and ÿ of 3 .
(Obvious, by Lemma 9.)
Lemma 12. The graph 3; 6 is bipartite.
Proof. Let be a closed path in 3; 6 with no repeated edges and let n = ( ) be its length. As, by assumption, is simply connected, is null-homotopic as a path of 3 . Hence n is even, by Lemma 11.
Lemma 13. Given a pentagon X; the two cells on X belong to the same class of 3; 6 .
Proof. Let p be a vertex of X . By applying Lemma 2 in Res(p), we see that 3; 6 induces a complete bipartite graph on Res(p), the two classes of the bipartition being the pairs of cells on each of the two pentagons incident to p. The conclusion follows from Lemma 12. Proof. It is straightforward to check that is a thin geometry for the diagram ( * ) and that = Gr J ( ), with J as above. Furthermore, as is 2-simply connected (Lemma 7), the geometry is also 2-simply connected. (Note that, if˜ is a 2-cover of , then Gr J (˜ ) is a 2-cover of = Gr J ( ).) Consequently, is a Coxeter complex.
The diagram ( * ) is not of spherical type. Therefore, is inÿnite. Accordingly, Corollary 16. The geometry is inÿnite.
Theorem 2 is proved.
Proofs of Theorems 4 and 5
Proof of Theorem 4
The following is well known [3, Section 2]:
Lemma 17. Given a ÿnite 3-fullerene ; let f 5 be the number of pentagonal faces of . Then one of the following holds:
(i) f 5 = 12 and is spherical; (ii) f 5 = 6 and is a tiling of the projective plane; (iii) f 5 = 0 and is a homorphic image of the tessellation of the euclidean plane by regular hexagons; realized as a tiling of a torus or a Klein bottle.
Lemma 18. All cells of a ÿnite 4-fullerene are spherical.
Proof. Given a ÿnite 4-fullerene , for i = 0; 1; 2 let c i be the number of cells of with 6i pentagonal faces (see Lemma 17). Let v and e be, respectively, the number of vertices and the number of edges of and let f 5 (resp. f 6 ) be the number of pentagonal (hexagonal) faces of . Clearly, 6v = 3e = 5f 5 + 6f 6 Proof of Theorem 4. Let be a ÿnite 6-fullerene, if any. Let v; e; f; c; c and c be the numbers of vertices, edges, faces, 3-cells, 4-cells and 5-cells of , respectively, and f = f 5 + f 6 , where f 5 (resp. f 6 ) is the number of pentagonal (hexagonal) faces of . It is well known [7] (see also [9, p. 250] ) that the Euler characteristic of every odd-dimensional manifold is 0. Hence,
Clearly, 6v = 2e and 5e = 5f 5 + 6f 6 . Furthermore, 4f 5 By substituting the relations (ii) in (i) we obtain c = c + f 6 =5. Hence, (iii) c 6c .
However, every 5-cell of is incident to at least nine 4-cells. Therefore, 2c ¿9c . Whence c ¿ 4c , contrary to (iii). Consequently, no ÿnite 6-fullerene exists.
If were a ÿnite n-fullerene with n ¿ 6, then the lower residues of its 6-cells would be ÿnite 6-fullerenes. However, we have just proved that no ÿnite 6-fullerene exists. Hence no ÿnite n-fullerene exists, for any n¿6.
Proof of Theorem 5
Henceforth, is a uniform n-fullerene and h is its index. Clearly, h63.
Lemma 19. h = 1.
Proof. Clearly, it su ces to consider the case of n = 3. Thus, let n = 3 and suppose h = 1. Then, given a pentagonal face X of , let l 1 ; l 2 be adjacent edges of X and let X i be the face on l i di erent from X . As h = 1, if X 1 is a pentagon (hexagon) then X 2 is a hexagon (pentagon). However, this would force X to have an even number of edges: a contradiction.
According to Lemma 19, the integers 0, 2 and 3 are the only possible values for h. Furthermore, Lemma 20. Let n¿3. Then every vertex of is incident to precisely hn(n − 1) 6 hexagonal faces. In particular; if h = 2 then n = 4.
Proof. Let a be a vertex of and let be the number of hexagonal faces on a. Every face of is in n − 2 3-cells and every 3-cell of on a contains h hexagonal faces incident to a. Therefore,
Hence = hn(n − 1)=6. When h = 2, this equality forces 3 to divide n(n − 1). Consequently, n = 5. Suppose n ¿ 5. Then all 5-cells of are uniform of index h = 2. Thus, uniform 5-fullerenes of index 2 exist, contrary to the above. Therefore, n = 5. Hence n = 4, as = 5.
As noticed in Section 2, if h=0 or 3, then is a homomorphic 2-image of a Coxeter complex. In particular, when h = 0 and n = 3, then is either the dodecahedron or its projective image (in the real projective plane). If h = 3 and n = 3, then is a (possibly improper) homomorphic image of the tiling of the euclidean plane in regular hexagons.
Henceforth we shall focus on the case of h = 2. Hence n64, by Lemma 20.
Lemma 21. The three-dimensional football is the only simply connected uniform 3-fullerene with index h = 2.
Proof. Let be a simply connected uniform 3-fullerene of index h = 2. There are two kinds of edges in , of type + and −, say: the edges of type + (resp. −) are those that belong to two hexagonal faces (one hexagonal face and one pentagonal face). We can form a geometry over the set of types {0; 1; 2} by taking as elements of type 0, 1 and 2 the pentagonal faces, the edges of type + and the hexagonal faces of , respectively. An element of of type 1 and a hexagonal (pentagonal) face of are declared to be incident in when they are incident in (when they meet in a vertex of ). A pentagonal face and a hexagonal face of are declared to be incident as elements of when they meet in an edge of .
It is straightforward to check that is a thin geometry belonging to the Coxeter diagram H 3 and that ∼ = Gr J ( ), with J = {0; 1}. Furthermore, is simply connected, since is simply connected (by assumption). Therefore, is the Coxeter complex of type H 3 , viewed as the icosahedron. Consequently, is the football.
Proposition 22. Let be a uniform 3-fullerene with index h = 2. Then is either the three-dimensional football or its projective image (onto the projective plane).
Proof. By Lemma 21, the universal cover˜ of is the three-dimensional football and =˜ =G for a suitable subgroup G of Aut(˜ ) (see [6, Theorem 12:13] ). However, = Gr J ( ) where J = {0; 1} and is the icosahedron. On the one hand, Aut( )=Aut( ) and it is easily seen that G also deÿnes a quotient of . On the other hand, admits just one proper homomorphic image, namely =Z, with Z the center of Aut( ) and, as previously noticed, =Z is a tiling of the projective plane.
Proposition 23. The cell complex characterized in Theorem 2 is the unique uniform 4-fullerene of index h=2 that; regarded as a diagram geometry; is 2-simply connected. 
